Abstract -Analysis of vegetation spectra is often characterized by an adverse ratio of sample size to number of wavelengths. A reduction in the dimensionality of the spectra is needed to ensure consistent estimates. We propose a reduction based on a non-linear mixed modeling of power spectra transforms of truncated Fourier series representations of vegetation spectra. Two sets of foliage spectral data obtained from balsam fir (Abies balsamea) exposed to different silvicultural regimes and three eucalypt species (Eucalyptus spp.) demonstrate the method. Only the first 42 frequencies in a power spectrum contributed significantly to the variance of a spectrum. Power spectra were dominated by a small number of low frequencies; the influence of frequency was described well by an exponentiated quadratic polynomial model with significant fixed and random effects. Model parameters can be subject to physiological inference and hypothesis testing.
INTRODUCTION
Establishing relationships between hand-held and remote reflectance spectra with biophysical and biochemical properties of terrestrial surface objects [31] is an important link in the modeling and monitoring of the Earth system. For vegetated surfaces the ability to link a variety of reflectance indices [1, 10, 11, 19, 37, 39, 40, 46, 58] to, for example, chlorophyll and other pigment concentrations, light use efficiency, leaf water content, and leaf area index ensures the continued pursuit of improved sensors and signal extraction methods [5, 20, 26, 30, 55] .
Extracted relationships often rely on 'signature' bands of reflectance, first-or second-order derivatives of reflectance and higher moments [19, 37, 39, 45, 46, 55, 58, 60, 64] . Endmember classification [33] and factor spectra [11] also assist in identifying relationships. Signatures are either known to exist from subject knowledge but more generally they are found by various data mining techniques, such as correlograms, stepwise regression, multivariate factor analysis, or principal component analysis [11, 13, 17, 32, 39] . While data mining can provide useful insight, it is nonetheless problematic since the search for an optimal signal often leads to overfitting, poor predictive performance and biased estimates of significance of estimated models [8, 14, 29] . Other approaches, such as, spectral mixture analysis [2, 35, 41, 54, 56] spectral decomposition [45] , decision trees [25] , and lately S-space analysis [3] , do not provide unique solutions. Furthermore, issues related to sampling variation, systematic errors, and natural between-object variation are rarely addressed. Low ratios of sample size to the number of channels in the reflectance spectrum, the colinearity of reflectance values, and near singularity of covariance matrices increase the risk of transient results [51, 52] .
A transparent and robust statistical analysis approach that lends itself to point estimation, hypothesis testing, and classification of objects based on their reflectance spectra is needed. In addition to minimizing problems of data mining and colinearity, the approach should also reduce the dimensions of the data with a minimum of information loss. It must accomplish this reduction without losing the ability to interpret the results. Transforming a series of observations to a power spectrum in the frequency domain via a Fourier transform is a well accepted procedure of data compression [47] . This paper demonstrates how non-linear mixed models, in the frequency domain of truncated Fourier transforms of vegetation spectra, can provide a statistical approach for testing hypotheses regarding spectra differences and help in the representation and classification of spectra with regard to different biophysical and/or biochemical properties. To do this we utilize two published datasets of foliage spectra -naturally grown Balsam fir (Abies balsamea L.) exposed to various silvicultural treatments [32] and eucalypt species [11] . Our focus is on methodology. Extensions to specific physiological and biological inference and hypothesis testing is straightforward.
MATERIALS AND METHODS

Foliage samples
Balsam fir
Foliage samples for reflectance measurements were gathered on two dates in the summer of 1996 (July 3rd and August 8th) by clipping a midcrown branch from 24 dominant and codominant balsam fir trees in central Newfoundland, Canada (48° 41'42'' N and 56° 36' 21'' W). The trees were growing in a randomized block design with three treatments (thinning, thinning and fertilization, root pruning) and a control replicated three times in 15 m × 15 m plots. Age determination of trees growing in the same stand as the study trees indicated that the trees were about 55 years old (± 1.6 years). Foliage samples (shoots) were stratified into current-year and second-year samples (Tab. I) [32] .
Eucalypt
Current-year and older foliage samples were collected from 14 field plots located in the mixed eucalypt forest of the Tumbarumba study area in New South Wales, Australia (35° 45' S, 148° 14' E). Foliage from the two most dominant trees of each major eucalypt species was excised from the upper canopy with a rifle. Leaf samples were stored in a cool environment for a maximum of six hours until spectral measurements were taken. Due to low sampling intensity of older foliage emphasis was placed on current foliage. Table I lists the foliage sample sizes. Coops et al. [11] provide the details of the foliage sampling protocols and the study sites.
Reflectance spectra
Eucalypt leaf reflectance measurements were obtained under fieldbased laboratory conditions. Leaves from each sample were stacked to cover an area of approximately 10 cm × 10 cm. Multiple layers rather than single leaf profiles were used to obtain the reflectance from a layer with an approximate infinite optical thickness. Balsam fir shoot reflectance measurements were obtained under laboratory conditions. Shoots were arranged in an optically thick layer on a background of Krylon-painted aluminum to fill a circle larger than 10 cm in diameter. Spectral reflectance measurements of eucalypt leaves and balsam fir shoots were acquired with an Analytical Spectral Devices (ASD 1996) FieldSpec FR spectroradiometer, which senses in the spectral range 350 to 2500 nm at a spectral bandwidth of 1.4 nm and a spectral resolution of 3-10 nm. Either a single 150-W or two 50-W halogen bulbs were used as the light source to illuminate the leaves. Multiple reflectance measurements were averaged to obtain a mean reflectance spectrum. Standard reflectance panels were used to convert the spectra to reflectance.
As the ASD instrument has a poor signal-to-noise ratio at the extremes of its range, the input spectra were truncated from 402 to 2449 nm resulting in 2048 (= 2 10 ) wavelengths for analysis.
Fourier representation of spectra
For an even number (T) of wavelengths in an individual spectrum, its Fourier representation of reflectance ω at a given wavelength number (λ, λ = 1, ..., T) is [23] :
(1) 
Power spectra of reflectance
The breakdown of the total within spectrum variance of reflectance to individual frequencies v k = 2π × k/T, k = 1, 2, ..., T/2 follows Parseval's theorem [23] stating that (for T even):
.
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The variance associated with each frequency yields the power spectrum transform of a spectrum of reflectance values. The last term is a constant and trivial (here < 0.01%), and is henceforth ignored.
Truncating the Fourier representation of a spectrum by eliminating all terms associated with a frequency above a certain threshold, say, , produces an approximation to the observed spectrum. A threshold that incurs only a trivial average absolute lack of fit is to be determined. We chose the minimum value r for which the average absolute deviation was 0.05% or less, a limit considered well below the variation caused by sensor noise. The variance accounted for by frequency and all higher frequencies is considered to be white noise . The statistical significance of the first r -1 individual terms in the power spectrum is assessed with a F-ratio test statistic 1, ..., r -1 of white noise [23] . Frequencies for which the test statistics exceeded at the 5% significance level were deemed to contribute significantly to the variance of a spectra. The choice of r -1 degrees of freedom in the numerator of the F-ratio test instead of 2 was adopted to keep the experiment-wide error rate at 0.05 or better [38] . The number of retained frequencies contributing significantly to the spectral variance is denoted by TT.
Non-linear mixed model of power spectra
Visual inspections of truncated power spectra suggested the following non-linear relationship between the frequency and the frequency-specific variance of the reflectance:
where is the variance of the reflectance of the jth foliage sample in the ith group (treatment × foliage age for the balsam fir samples, and species for the eucalypt samples) at frequency
is a 3 × 1 row vector of fixed effects for the ith group and is a 3 × 1 row vector of random deviations (b 0ij , b 1ij , b 2ij ) from capturing the effects of the jth sample in the ith group. Finally, ε ijk is a residual term for the kth frequency in the ijth power spectrum. A transpose of a vector (matrix) is denoted by . The random vector is assumed distributed as a multivariate normal with a mean of and a group specific covariance matrix of . Residuals ε ijk are assumed independent normally distributed with a mean of 0 and a group and frequency specific variance of Exp where ..., 4 are regression coefficients to be estimated. The model for the residual terms was decided after visual inspection of ordinary least squares residuals. According to this model, the random effects in the balsam fir data arise due to sampling date (within tree variation), block, and tree effects. In the eucalypt data they arise due to plot (site) and tree effects. The expected power spectrum for a given group is one for which the random effects are zero.
Estimation of the model parameters followed the procedures outlined by Pinheiro and Bates ( [42] , pp. 315-319) with a Laplacian approximation of the log-likelihood function. The random effects were constrained by a sum to 0 restriction. This approach is expected to outperform a first-order Taylor-series approximation to the otherwise intractable log-likelihood function. A program for the estimation of the parameters was written in MATHEMATICA ® [61] since no major software package currently offers the Laplace approximation as an option. Final estimates were obtained after one iteration of the approximated log-likelihood function. Standard errors of the fixed effects were obtained by standard application of the delta technique [28] and detailed by Pinheiro and Bates [42] .
A 95% confidence interval for individual power spectra belonging to group was estimated by Monte Carlo simulation of 2000 random realisations of the power spectrum ..., TT, j = 1, ..., 2000 [50] . Confidence interval limits for each frequency were formed by the lower and upper 2.5 percentiles of the simulated power spectra [15] .
Hypothesis testing
A priori we expect the four balsam fir silvicultural treatments to impart effects on the foliage reflectance spectra due to either direct (fertilization) or indirect (thinning and root pruning) effects on foliage chemistry, cellular structure and water content [7, 9, 16] . Species-specific differences in these factors are also conjectured for the eucalypt foliage. These a priori expectations were tested with the null hypothesis of no treatment viz. no species effect.
With the assumption of a correct model specification for the power spectra the equality of two group average spectra was tested with Hotellings T 2 statistic [48] . To be specific, the test statistic for testing equality of spectra from group i and i'was: (4) where and are the sample sizes in Table II minus two for the observations used for classification (see below), and is the estimated variance-covariance matrix of the fixed parameter vector. The probability of obtaining a larger T 2 under the null hypothesis of equality was obtained from the Hotelling distribution function of . Multivariate tests of equality of group specific covariance matrices of fixed effects were carried out as outlined by Rencher [48] .
Conditional group membership probabilities
The proposed non-linear mixed model for group-specific power spectra provides an estimate of group-specific model parameters and their asymptotic gaussian variances and covariances suitable for a discriminant analysis and classification of spectra of unknown group origin [57] . After estimating group-specific non-linear mixed models from a set of training data with known group membership the conditional class membership of a spectra of unknown origin was computed as [36] : 
where is the vector non-linear least squares regression coefficients obtained from fitting the unknown spectra to the model Exp , is the Hotelling distribution function, and n i is the sample size of group i, and are the pooled within-group covariance matrices of fixed and random effects, respectively. The spectrum of unknown origin is assigned to the group yielding the highest conditional group membership probability. The last two foliage samples in each of the seven balsam fir groups were withheld from the model-fitting data and classified as outlined above to one of the seven groups. Similar, the last two foliage samples in each of the three eucalypt species were also removed from the model fitting and subsequently classified to one of the three species.
RESULTS
The reflectance spectra of individual foliage samples are shown in Figure 1 and all exhibit the standard characteristics of vegetation reflectance with low reflectance in the visible wavelengths due to absorption of chlorophyll a and b and associated pigments, high reflectance in the near infrared region, and low reflectance in the SWIR, mainly as a result of strong water absorptions (in particular at the four absorption peaks at 970, 1190, 1450 and 1940 nm) [12] .
Current-year balsam fir foliage reflected almost 1.5 times more of the light than did older foliage. A tendency for newer foliage to contain more liquid water, less pigments and chlorophyll [32] and for one-year-old foliage to be thicker, drier and occasionally more damaged is the probable cause of this differentiation [21, 43, 53] . Although the eucalypt generally confirmed this pattern the age effect was less clear, in agreement with the observation that current and past foliage were visually very similar. Current and one-year old-balsam fir foliage, on the other hand, could be distinguished by a trained eye.
Eucalypt leaves had a consistently higher (about 10%) reflectance than the balsam fir foliage; the cause for this difference was not pursued further. The total wavelength-specific variance of reflectance followed basically the pattern in the reflectance (Fig. 2) .
Group mean spectra of reflectance are shown in Figure 3 . No single balsam fir treatment had consistently the lowest nor the highest reflectance. Although treatment rankings were quite stable across large parts of the spectrum (about two-thirds) there were frequent rank changes within four segments of the spectra that were about 100 nm wide. Luther and Carroll [32] detail the interpretation of treatment effects within these bands.
Eucalypt species showed a more irregular pattern with red stringybark (SB) foliage having high reflectance in the visible yet reduced reflectance in the NIR and SWIR regions of the spectrum. In the Fourier representation of the spectra, a maximum of 48 frequencies sufficed to approximate the spectrum of either a balsam fir or an eucalypt foliage spectrum to within a maximum average absolute deviation of 0.05%. With 48 frequencies the median bias was -7 × 10 -7 % with a maximum lack of fit for any given wavelength of just 0.8%. Higher frequencies were considered to contribute only random noise to a spectra. In the truncated Fourier representation of a balsam or eucalypt spectrum only the first approximately 30 frequencies contributed a variance that was statistically significant larger than the variance attributed to the random noise (P ≥ 0.5) whereas another 10 frequencies were intermediate in significance (0.05 ≤ P < 0.5). In all cases, beyond the 42nd frequency the contribution to the spectrum variance was negligible (< 0.04%). Figure 4 details the trend in significance across the first 48 frequencies. Examples of power spectra are given in Figure 5 .
In the frequency domain a truncated power spectrum could be approximated quite well by the model in (3). The non-linear model explained over 98% of the variation within individual power spectra. Residual variances declined initially rapidly with increasing frequency ( ..., 5) but became slightly higher and distinctly cyclical at higher frequencies . On average, the residual variance was 0.1% at the second frequency of π/1024 and about 0.5% for frequencies beyond the Figure 3 . Average reflectance spectra of balsam fir treatment groups (pooled across foliage age) and three eucalypt species (current foliage only). Note root pruning (RP) spectra are for current-year foliage only (no second-year foliage samples). Figure 6 . Overall, the exponential quadratic polynomial provides a low-dimensional representation of a foliage spectra with, hopefully, a minimum of information loss in the frequencies of important group differentiation. Details of model parameter estimates are in Table II . Non-linear least squares regression coefficients of individual power spectra within a group varied sufficiently to support the notion of random (sample) effects. The estimated group mean power spectra and associated 95% confidence intervals of individual sample spectra appear quite satisfactory in comparison with individual observed power spectra. The standard deviation of each of the three random effects (Tab. II) relative to their associated fixed effects provides a measure of their relative importance. Although one or sometimes two random effects appear to contribute only a trivial amount of variation within a group dropping them from the group model would in most cases decrease the log likelihood significantly. To maintain model consistency across groups no term was dropped. No significant difference in reflectance variance between group means (within a foliage class) emerged beyond the first five frequencies (P > 0.28). Hence, the observed minor but systematic bias of model predictions at higher frequencies was ignored. As expected, the confidence interval shrinks rapidly with increasing frequency. Statistical T 2 -tests of equality of group mean power spectra for the current-year foliage in balsam fir supported the null hypothesis of no difference between a treatment and a control (no P-value below 0.68). In contrast, power spectra of secondyear foliage (RP2, TF2 and T2) differed significantly from that of the controls (C2, P < 0.001). No other pair-wise difference between any two treatments emerged as significant. An approximately ten-fold increase in the determinants of current-year foliage power spectrum covariance matrices compared to secondyear foliage determinants is the main numerical reason for the lack of significant treatment effects in current-year foliage. The higher reflectance of current-year foliage is believed to be the root cause behind this inflation. The effect of foliage age was, as expected, highly significant across all treatment groups. Expected mean power spectra of the three eucalypt species were distinctly different from each other. All pairwise comparisons yielded highly significant T 2 -test statistics (P < 0.001).
Classification results based on conditional group membership probabilities suggest some potential for practical application, at least in the case of balsam fir where 7 of 14 power spectra (= two spectra from each of the seven treatment × foliage age combinations available; see Tab. I) of unknown origin were assigned to the correct treatment × foliage age group. Strong heterogeneity of the eucalypt variance covariance matrices of random and fixed effects effectively made the eucalypt classification no better than chance (2 of 6 spectra of unknown origin were correctly classified to one of the three species).
DISCUSSION AND CONCLUSIONS
High-dimensional autocorrelated data are commonplace in sensor data [24, 44, 49] . When the ratio of sample size n to the number of parameters to be estimated p falls below 1.0 most popular techniques of multivariate analysis fail due to singularity σ of covariance matrices [48] . Under these circumstances a statistical analysis requires a reduction of the number of variables [4, 6, 18, 62] . Mining high-dimensional data in an undirected search for "interesting" relationships between variables will bias the probabilities of Type I errors in follow-up statistical tests statistics and will frequently result in poor model predictions due to overfitting [8] . Subject knowledge and a priori formulated models and hypotheses may, of course, accomplish the reduction in a straightforward manner. Alternatively, a reduction is achieved by some multivariate transformation; the proposed approach falls into this category. All transformations pose the challenge of deciding on an acceptable loss of information and interpretation of the results. Our approach provides a transparent and intuitive method of dimension reduction based on fit to observed spectra, and the simple trend patterns in the power spectra facilitates statistical analysis and hypothesis testing.
Sensor data from an object (here, a foliage sample) are, with respect to the object, to be treated statistically as repeated measurements or longitudinal data [63] . Longitudinal data are characterized by a within-and between-subject variance (covariance) of observations. In a modeling context the within-subject variance (covariance) is usually captured by introduction of a random subject effect [34] . The "problem" of autocorrelation of reflectance values is effectively resolved by modeling individual spectra as random deviations from their group expectations. Once a suitable model for the expected group mean trend is found the fitting and testing of group effects can occur within a well-established framework of statistical inference [34] . In Figure 6 . Observed (gray), fitted group mean (black), and bootstrap 95% population confidence limits (dashed) of power spectra. Top four panels: Balsam fir treatment groups (second-year foliage). Bottom three panels: Eucalypt species (current foliage).
contrast, the effects of within-and among-group variances and covariances in classical multivariate transformations such as principal components and factor analysis are less clear [48] .
As demonstrated, a vegetation spectrum can be represented with a maximum lack of fit well below the level of sensor noise by a relatively short (truncated) Fourier series. Taking the truncated spectrum into the frequency domain results in a power spectrum that is dominated strongly by the main features (the bulges) of the reflectance spectrum. A low-dimensional parametric or semiparametric [22, 27] non-linear model will suffice to describe these low-frequency features well. However, such models invariably relegate detail at higher frequencies to the residual variance despite the fact that group effects can be statistically significant at higher frequencies. The large number of published foliage spectra suggest that these findings are of a general nature.
A model reflecting the effects of groups and individual samples on the first few low frequencies in a power spectrum representation of a reflectance spectrum captures the large feature variation between groups and samples in support of statistical inference of simple hypotheses of, say, equality, and a classification based on these features. A lack of statistical significant differences in major features does not preclude the existence of significant fine detail differences [32] . An analysis of an a priori defined waveband conjectured to represent a feature of interest is recommended for pursuit of this detail.
In the frequency domain of a vegetation spectrum one should not, a priori, expect to find a direct causal relationship between the spectrum variance explained by a certain frequency and a physiological process or a chemical constituent. Correlations may, of course, exist, but they may arise from the complex interaction of several factors.
Practical applications of our approach are not limited to data from designed experiments. Random effects, for example of site, region, date, age, etc., can be incorporated into a hierarchical system within our modeling approach to reflect even very complex data structures. Data imbalance (missing values) is not a particular problem as long as data are missing completely at random [34, 59] . This flexibility combined with the relative ease of modeling the trends in a power spectrum within a well-known statistical framework is perhaps the best feature of the proposed approach to analysis of vegetation spectra. Our analysis approach extends naturally to in-situ collected spectra although they show less structure and contain less information than spectra obtained under controlled or semi-controlled conditions.
Both the random and the fixed model parameters estimated by the proposed methodology can be related to a set of measurable leaf variables (for examples, water content, pigment concentration, or nutrient content) by either adding these covariates as predictors or by a second-stage regression analysis.
